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Îáõîäû ãðàôîâ

Ãðàôû

Ôîðìàëüíî, ãðàô ýòî êîðòåæ G = 〈V ,E 〉, ãäå V � êîíå÷íîå

ìíîæåñòâî âåðøèí, E ⊂ V ⊂ V � ìíîæåñòâî ð¼áåð.
Ïî óìîë÷àíèþ ãðàô îðèåíòèðîâàííûé � èç òîãî, ÷òî 〈u, v〉 ∈
E íå ñëåäóåò, ÷òî 〈v , u〉 ∈ E (òî åñòü ð¼áðà � óïîðÿäî÷åííûå

ïàðû âåðøèí).
Åñëè óñëîâèÿ 〈u, v〉 ∈ E , 〈v , u〉 ∈ E ðàâíîñèëüíû (ð¼áðà �

íåóïîðÿäî÷åííûå ïàðû), òî ãðàô íåîðèåíòèðîâàííûé.
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Ãðàôû

Ãðàôû ïðèíÿòî èçîáðàæàòü ñ ïîìîùüþ äèàãðàìì:

0 1

2 3

45

Ïðåäñòàâëåíèå â ïàìÿòè: ìàòðèöà ñìåæíîñòè

0 1 2 3 4 5

0 0 1 1 0 0 0

1 0 0 0 1 1 0

2 0 1 0 0 1 0

3 0 0 0 0 1 0

4 0 1 0 1 0 1

5 1 0 1 0 0 0
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Ãðàôû

Ïðåäñòàâëåíèå ãðàôà â ïàìÿòè: ìàòðèöà ñìåæíîñòè

0 1 2 3 4 5

0 0 1 1 0 0 0

1 0 0 0 1 1 0

2 0 1 0 0 1 0

3 0 0 0 0 1 0

4 0 1 0 1 0 1

5 1 0 1 0 0 0

Äðóãîå ïðåäñòàâëåíèå: ñïèñêè ñìåæíîñòè

0 : [1, 2], 1 : [3, 4], 2 : [1, 4], 3 : [4], 4 : [1, 3, 5], 5 : [0, 2]

Ñïèñêè èñïîëüçóþòñÿ ÷àùå, ò. ê. çàíèìàþò ìåíüøå ìåñòà.
Ìàòðèöû èñïîëüçóþòñÿ ðåæå, õîòÿ óäîáíû äëÿ ôîðìàëüíûõ

ðàññóæäåíèé.
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Îáõîä â øèðèíó

Îáõîäû ãðàôîâ

Âî ìíîãèõ ïðèëîæåíèÿõ íóæíî óìåòü âûïèñûâàòü âñå âåðøèíû

ãðàôà ïî îäíîìó ðàçó, íà÷èíàÿ ñ íåêîòîðîé.

Ýòî äåëàåòñÿ ñ ïîìîùüþ îáõîäîâ â ãëóáèíó èëè â øèðèíó.
Îñíîâíàÿ èäåÿ îáõîäîâ:

Íà êàæäîì øàãå ðàññìîòðåòü î÷åðåäíóþ íåîáðàáîòàííóþ
âåðøèíó.
Ïîìåòèòü ýòó âåðøèíó íåêîòîðûì îáðàçîì.
Äî/ïîñëå îáðàáîòêè äàííîé âåðøèíû îñóùåñòâèòü îáõîä èç
âñåõ å¼ íåðàññìîòðåííûõ ñîñåäåé.

Äëÿ óïîðÿäî÷èâàíèÿ âåðøèí èñïîëüçóåòñÿ î÷åðåäü (îáõîä â

øèðèíó) èëè ñòåê (îáõîä â ãëóáèíó).
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Îáõîäû ãðàôîâ
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âñåõ å¼ íåðàññìîòðåííûõ ñîñåäåé.

Äëÿ óïîðÿäî÷èâàíèÿ âåðøèí èñïîëüçóåòñÿ î÷åðåäü (îáõîä â

øèðèíó) èëè ñòåê (îáõîä â ãëóáèíó).
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Îáõîä â øèðèíó

Îáõîä â øèðèíó: îïèñàíèå

Îáõîä â øèðèíó îñóùåñòâëÿåòñÿ ñ ïîìîùüþ î÷åðåäè.

Àëãîðèòì îáõîäà.

Ïîìåñòèòü â î÷åðåäü ñòàðòîâóþ âåðøèíó, ïîìåòèòü å¼ êàê

ïðîñìîòðåííóþ.

Ïîêà î÷åðåäü íåïóñòà:

Èçâëå÷ü èç î÷åðåäè ïåðâóþ âåðøèíó.
Äîáàâèòü â î÷åðåäü âñåõ å¼ íåïðîñìîòðåííûõ ñîñåäåé, ïîìå÷àÿ
èõ êàê ïðîñìîòðåííûõ.

Åñëè èìååòñÿ íåïðîñìîòðåííàÿ âåðøèíà, ïîâòîðèòü àëãîðèòì,

âçÿâ å¼ â êà÷åñòâå ñòàðòîâîé.
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Îáõîä â øèðèíó

Îáõîä â øèðèíó: ïñåâäîêîä
1: function BFS(G = 〈V,E〉, v)
2: q = Queue()
3: used = [False] ∗ |V | . èíäèêàòîð ïîñåùåíèÿ âåðøèí
4: distances = [∞] ∗ |V | . òåêóùèå ðàññòîÿíèÿ äî âåðøèí
5: answer = [] . âåðøèíû â ïîðÿäêå îáõîäà
6: q.push(v)
7: used[v] = True

8: d[v] = 0
9: while q íåïóñòà do

10: u = q.pop()
11: answer.append(u)
12: for w ∈ neighbours(u) do . ïåðåáèðàåì ñîñåäåé
13: if not used[w] then
14: q.push(w)
15: used[w] = True

16: d[w] = d[u] + 1
17: end if

18: end for

19: end while

20: end function

21: return answer
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Îáõîä â øèðèíó

Îáõîä â øèðèíó: äåìîíñòðàöèÿ

q = [0]0 1

2 3

45
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Îáõîä â øèðèíó

Îáõîä â øèðèíó: äåìîíñòðàöèÿ

q = [0]0 1

2 3

45

v = 0, d = [0, 1, 1,∞,∞,∞], q = [1, 2]0 1

2 3

45
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Îáõîä â øèðèíó

Îáõîä â øèðèíó: äåìîíñòðàöèÿ

v = 0, d = [0, 1, 1,∞,∞,∞], q = [1, 2]0 1

2 3

45

v = 1, d = [0, 1, 1, 2, 2,∞], q = [2, 3, 4]0 1

2 3

45
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Îáõîä â øèðèíó

Îáõîä â øèðèíó: äåìîíñòðàöèÿ

v = 1, d = [0, 1, 1, 2, 2,∞], q = [2, 3, 4]0 1

2 3

45

v = 2, d = [0, 1, 1, 2, 2,∞], q = [3, 4]0 1

2 3

45
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Îáõîä â øèðèíó

Îáõîä â øèðèíó: äåìîíñòðàöèÿ

v = 2, d = [0, 1, 1, 2, 2,∞], q = [3, 4]0 1

2 3

45

v = 3, d = [0, 1, 1, 2, 2,∞], q = [4]0 1

2 3

45
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Îáõîä â øèðèíó

Îáõîä â øèðèíó: äåìîíñòðàöèÿ

v = 3, d = [0, 1, 1, 2, 2,∞], q = [4]0 1

2 3

45

v = 4, d = [0, 1, 1, 2, 2, 3], q = [5]0 1

2 3

45
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Îáõîä â øèðèíó

Îáõîä â øèðèíó: äåìîíñòðàöèÿ

v = 4, d = [0, 1, 1, 2, 2, 3], q = [5]0 1

2 3

45

v = 5, d = [0, 1, 1, 2, 2, 3], q = []0 1

2 3

45
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Îáõîä â øèðèíó

Îáõîä â øèðèíó: àíàëèç

Àëãîðèòì ãàðàíòèðîâàííî çàâåðøàåòñÿ (êàæäàÿ âåðøèíà ïî-

ñåùàåòñÿ íå áîëåå îäíîãî ðàçà).

Ñëîæíîñòü àëãîðèòìà:O(|E |) (êàæäîå ðåáðî ðàññìàòðèâàåòñÿ
íå áîëåå îäíîãî ðàçà).
Âåðøèíû ïîìåùàþòñÿ â î÷åðåäü â ïîðÿäêå âîçðàñòàíèÿ èõ

ðàññòîÿíèÿ îò èñõîäíîé âåðøèíû v .
Äëÿ ëþáîãî k ìîæíî íàéòè ìîìåíò, êîãäà î÷åðåäü ñîñòîèò

èç âåðøèí íà ðàññòîÿíèè k , îíè ïîìåùàþòñÿ â ñòåê ñî

çíà÷åíèåì d [w ] = k .
Àëãîðèòì ïðàâèëüíî âû÷èñëÿåò ðàññòîÿíèå d [w ] äî âåðøèíû
w îò ñòàðòîâîé.

Àëåêñåé Àíäðååâè÷ Ñîðîêèí

Ââåäåíèå â Python



Îáõîäû ãðàôîâ

Îáõîä â øèðèíó

Îáõîä â øèðèíó: àíàëèç

Àëãîðèòì ãàðàíòèðîâàííî çàâåðøàåòñÿ (êàæäàÿ âåðøèíà ïî-

ñåùàåòñÿ íå áîëåå îäíîãî ðàçà).
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Îáõîäû ãðàôîâ

Âû÷èñëåíèå ðàññòîÿíèÿ â ãðàôå

Ïîñòàíîâêà çàäà÷è

×àñòî íóæíî óìåòü âû÷èñëÿòü ðàññòîÿíèå îò íåêîòîðîé âåð-
øèíû ãðàôà äî âñåõ îñòàëüíûõ:

Ïîèñê êðàò÷àéøåãî ãåîãðàôè÷åñêîãî ïóòè.

Ïîèñê ãèïîòåçû íàèìåíüøåãî âåñà (íàèáîëüøåé âåðîÿòíîñòè)
â çàäà÷àõ âû÷èñëèòåëüíîé ëèíãâèñòèêè.
Ïîèñê ñëîâà íàèìåíüøåãî âåñà, ïðèíèìàåìîãî êîíå÷íûì
àâòîìàòîì è ò.ä.

Â ñëó÷àå ð¼áåð ñòîèìîñòè 1 ýòî äåëàåò àëãîðèòì ïîèñêà â

øèðèíó, èñïîëüçóÿ î÷åðåäü.
Ñóùåñòâóþò ìîäèôèêàöèÿ, ïîçâîëÿþùàÿ îáðàáàòûâàòü ð¼á-

ðà äëèíû 0 è 1 (äâóñòîðîííÿÿ î÷åðåäü).
Â ñëó÷àå ð¼áåð ïðîèçâîëüíîé äëèíû ëîãè÷íî èñïîëüçîâàòü

î÷åðåäü ñ ïðèîðèòåòîì.
Ýòî äåëàåò àëãîðèòì Äåéêñòðû.
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Ïîèñê êðàò÷àéøåãî ãåîãðàôè÷åñêîãî ïóòè.
Ïîèñê ãèïîòåçû íàèìåíüøåãî âåñà (íàèáîëüøåé âåðîÿòíîñòè)
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Îáõîäû ãðàôîâ

Âû÷èñëåíèå ðàññòîÿíèÿ â ãðàôå

Àëãîðèòì Äåéêñòðû

Ïóñòü d [u]� ðàññòîÿíèå îò èñõîäíîé âåðøèíû v äî âåðøèíû
u. Â íà÷àëå ðàáîòû d [u] = 0, d [v ] =∞ äëÿ v 6= u.

Áóäåì ïîääåðæèâàòü ìíîæåñòâî íåîáðàáîòàííûõ âåðøèí Q,

âíà÷àëå îíî ñîäåðæèò âñå âåðøèíû.
Ïîêà ìíîæåñòâî íåîáðàáîòàííûõ âåðøèí íåïóñòî:

Íàéòè â í¼ì âåðøèíó u ñ ìèíèìàëüíûì ðàññòîÿíèåì d [u],
óäàëèòü å¼ èç ìíîæåñòâà.
Äëÿ âñåõ âåðøèí v ∈ neighbours(u) îáíîâèòü çíà÷åíèå d [v ]:

d [v ] = min (d [u] + c(u, v), d [v ])

Óòâåðæäåíèå

Ïîñëå óäàëåíèÿ âåðøèíû v èç ìíîæåñòâà îáðàáîòàííûõ âåðøèí

çíà÷åíèå d [v ] íå èçìåíèòñÿ.
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Âû÷èñëåíèå ðàññòîÿíèÿ â ãðàôå
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Îáõîäû ãðàôîâ

Âû÷èñëåíèå ðàññòîÿíèÿ â ãðàôå

Àëãîðèòì Äåéêñòðû: äåìîíñòðàöèÿ

Áóäåì õðàíèòü â î÷åðåäè ñ ïðèîðèòåòàìè íîìåðà âåðøèí

âìåñòå ñ òåêóùèìè ðàññòîÿíèÿìè äî íèõ îò âåðøèíû 0.
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d = [0,∞,∞,∞,∞,∞]
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Âû÷èñëåíèå ðàññòîÿíèÿ â ãðàôå

Àëãîðèòì Äåéêñòðû: äåìîíñòðàöèÿ

Áóäåì õðàíèòü â î÷åðåäè ñ ïðèîðèòåòàìè íîìåðà âåðøèí

âìåñòå ñ òåêóùèìè ðàññòîÿíèÿìè äî íèõ îò âåðøèíû 0.

(0, 0)

d [1] = d [0] + d01 = 3

d [2] = d [0] + d02 = 6

d = [0, 3, 6,∞,∞,∞]
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Îáõîäû ãðàôîâ

Âû÷èñëåíèå ðàññòîÿíèÿ â ãðàôå

Àëãîðèòì Äåéêñòðû: äåìîíñòðàöèÿ

Áóäåì õðàíèòü â î÷åðåäè ñ ïðèîðèòåòàìè íîìåðà âåðøèí

âìåñòå ñ òåêóùèìè ðàññòîÿíèÿìè äî íèõ îò âåðøèíû 0.

(1, 3), (2, 6)

d = [0, 3, 6,∞,∞,∞]
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Îáõîäû ãðàôîâ

Âû÷èñëåíèå ðàññòîÿíèÿ â ãðàôå

Àëãîðèòì Äåéêñòðû: äåìîíñòðàöèÿ

Áóäåì õðàíèòü â î÷åðåäè ñ ïðèîðèòåòàìè íîìåðà âåðøèí

âìåñòå ñ òåêóùèìè ðàññòîÿíèÿìè äî íèõ îò âåðøèíû 0.

(1, 3), (2, 5), (3, 10)

d [2] = d [1] + d12 = 5 < 6

d [3] = d [1] + d13 = 10

d = [0, 3, 5, 10,∞,∞]
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Îáõîäû ãðàôîâ

Âû÷èñëåíèå ðàññòîÿíèÿ â ãðàôå

Àëãîðèòì Äåéêñòðû: äåìîíñòðàöèÿ

Áóäåì õðàíèòü â î÷åðåäè ñ ïðèîðèòåòàìè íîìåðà âåðøèí

âìåñòå ñ òåêóùèìè ðàññòîÿíèÿìè äî íèõ îò âåðøèíû 0.

(2, 5), (3, 8), (4, 9)

d [3] = d [2] + d23 = 8 < 10

d [4] = d [2] + d24 = 9

d = [0, 3, 5, 8, 9,∞]
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Îáõîäû ãðàôîâ

Âû÷èñëåíèå ðàññòîÿíèÿ â ãðàôå

Àëãîðèòì Äåéêñòðû: äåìîíñòðàöèÿ

Áóäåì õðàíèòü â î÷åðåäè ñ ïðèîðèòåòàìè íîìåðà âåðøèí

âìåñòå ñ òåêóùèìè ðàññòîÿíèÿìè äî íèõ îò âåðøèíû 0.

(3, 8), (4, 9), (5, 9)

d [5] = d [3] + d35 = 9

d = [0, 3, 5, 8, 9, 9]
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Îáõîäû ãðàôîâ

Âû÷èñëåíèå ðàññòîÿíèÿ â ãðàôå

Àëãîðèòì Äåéêñòðû: äåìîíñòðàöèÿ

Áóäåì õðàíèòü â î÷åðåäè ñ ïðèîðèòåòàìè íîìåðà âåðøèí

âìåñòå ñ òåêóùèìè ðàññòîÿíèÿìè äî íèõ îò âåðøèíû 0.

(4, 9), (5, 9)

d = [0, 3, 5, 8, 9, 9]
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Îáõîäû ãðàôîâ

Âû÷èñëåíèå ðàññòîÿíèÿ â ãðàôå

Àëãîðèòì Äåéêñòðû: äåìîíñòðàöèÿ

Áóäåì õðàíèòü â î÷åðåäè ñ ïðèîðèòåòàìè íîìåðà âåðøèí

âìåñòå ñ òåêóùèìè ðàññòîÿíèÿìè äî íèõ îò âåðøèíû 0.

(5, 9)

d = [0, 3, 5, 8, 9, 9]
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Îáõîäû ãðàôîâ

Âû÷èñëåíèå ðàññòîÿíèÿ â ãðàôå

Àëãîðèòì Äåéêñòðû: àíàëèç

Äëÿ àëãîðèòìà Äåéêñòðû óäîáíî èñïîëüçîâàòü î÷åðåäü ñ
ïðèîðèòåòîì íà îñíîâå íåâîçðàñòàþùåé ïèðàìèäû:

Èçâëå÷åíèå ìèíèìóìà: EXTRACT-MIN, ñëîæíîñòü O(log |V |).

Îáíîâëåíèå çíà÷åíèÿ d(v): DECREASE-KEY, ñëîæíîñòü
O(log |V |).

Ñëîæíîñòü àëãîðèòìà:

Ìèíèìóì èçâëåêàåòñÿ îäèí ðàç äëÿ êàæäîé âåðøèíû, ñóì-
ìàðíàÿ ñëîæíîñòü O(|V | log |V |).
Ðàññòîÿíèå îáíîâëÿåòñÿ íå áîëåå îäíîãî ðàçà íà êàæäîì
ðåáðå, ñóììàðíàÿ ñëîæíîñòü O(|E | log |V |).

Îáùàÿ ñëîæíîñòü O((|V | + |E |) log |V |) ïðè óñëîâèè, ÷òî

ìû ìîæåì ïî íîìåðó âåðøèíû îïðåäåëÿòü å¼ ïîçèöèþ â

ïèðàìèäå.
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Îáõîäû ãðàôîâ

Âû÷èñëåíèå ðàññòîÿíèÿ â ãðàôå

Àëãîðèòì Äåéêñòðû: àíàëèç

Äëÿ àëãîðèòìà Äåéêñòðû óäîáíî èñïîëüçîâàòü î÷åðåäü ñ
ïðèîðèòåòîì íà îñíîâå íåâîçðàñòàþùåé ïèðàìèäû:

Èçâëå÷åíèå ìèíèìóìà: EXTRACT-MIN, ñëîæíîñòü O(log |V |).
Îáíîâëåíèå çíà÷åíèÿ d(v): DECREASE-KEY, ñëîæíîñòü
O(log |V |).

Ñëîæíîñòü àëãîðèòìà:

Ìèíèìóì èçâëåêàåòñÿ îäèí ðàç äëÿ êàæäîé âåðøèíû, ñóì-
ìàðíàÿ ñëîæíîñòü O(|V | log |V |).
Ðàññòîÿíèå îáíîâëÿåòñÿ íå áîëåå îäíîãî ðàçà íà êàæäîì
ðåáðå, ñóììàðíàÿ ñëîæíîñòü O(|E | log |V |).

Îáùàÿ ñëîæíîñòü O((|V | + |E |) log |V |) ïðè óñëîâèè, ÷òî

ìû ìîæåì ïî íîìåðó âåðøèíû îïðåäåëÿòü å¼ ïîçèöèþ â

ïèðàìèäå.
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Îáõîäû ãðàôîâ

Âû÷èñëåíèå ðàññòîÿíèÿ â ãðàôå

Àëãîðèòì Äåéêñòðû: àíàëèç

Äëÿ àëãîðèòìà Äåéêñòðû óäîáíî èñïîëüçîâàòü î÷åðåäü ñ
ïðèîðèòåòîì íà îñíîâå íåâîçðàñòàþùåé ïèðàìèäû:

Èçâëå÷åíèå ìèíèìóìà: EXTRACT-MIN, ñëîæíîñòü O(log |V |).
Îáíîâëåíèå çíà÷åíèÿ d(v): DECREASE-KEY, ñëîæíîñòü
O(log |V |).

Ñëîæíîñòü àëãîðèòìà:

Ìèíèìóì èçâëåêàåòñÿ îäèí ðàç äëÿ êàæäîé âåðøèíû, ñóì-
ìàðíàÿ ñëîæíîñòü O(|V | log |V |).
Ðàññòîÿíèå îáíîâëÿåòñÿ íå áîëåå îäíîãî ðàçà íà êàæäîì
ðåáðå, ñóììàðíàÿ ñëîæíîñòü O(|E | log |V |).

Îáùàÿ ñëîæíîñòü O((|V | + |E |) log |V |) ïðè óñëîâèè, ÷òî

ìû ìîæåì ïî íîìåðó âåðøèíû îïðåäåëÿòü å¼ ïîçèöèþ â

ïèðàìèäå.
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